
Note on Continuous Overlapping Generation Model

Real

This note contents of the complication of the continuous OLG (Over-Lapping Generations
model). I refer to “Lecture of Macroeconomics” (1989).

1 Structure of the Model

1.1 Population

• We call individuals generation s who are born in period s.

• Individuals are lived parmanently. However, each of them dies out with probalbility par
period, p. p is constant for any time.

An individual’s duration of life denotes X, the probability density function of X is

fX(t) = p exp (−pt) (1)

and the expectation of X is

E(X) =
∫ ∞

0

tp exp (−pt)dt =
[
− t exp (−pt)

]∞
0

+
∫ ∞

0

exp (−pt)dt = p−1. (2)

At each t, the cohort generates with constant death rate p. The size of new cohort normalizes
p, and the number of individuals decreases at the constant rate par unit time, p, in each cohort
1).

Hence, the size of the cohort generating at s is

p exp {−p(t − s)} (3)

and, the total population at t is ∫ t

−∞
p exp {−p(t − s)}ds = 1. (4)

1.2 Life Insurance

We assume that individuals maximize own expected utility and do not consider the utility of
parents and chirdren.

1)Each individual faces the uncertainty about death, but the whole menber in a cohort face a constant decreasing
rate, p.
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2. Consumption by individuals and Whole Economy

• Without life insurance.

If individuals can not leave negative bequest, each individuals may leave positive bequest
without expectation.

• With life insurance

Individuals accumlate their asset and may die leaving them. With life insurance, indi-
viduals’ welfare improves by individuals getting additional income and liquidation the
insurance.

Individuals probably demand the insurance as above.
If insurance companys can entry free and have zero-profit condition, the rate of insurance fee

par unit time have to be set p.
That is, individuals recieve p, the fee per unit time, and pay 1 as the fee when they die. When

no bequest and abondoned negative asset, individuals will change their assets vt to life insurance
and get pvt per unit time.

The insurance company is balanced. Because at each time t,

• income — fee from death, pvt.

• payment — pvt.

The value of p is not probability variable, so the company does not face uncertainty.

2 Consumption by individuals and Whole Economy

2.1 Individuals’ Consumption

We denote c(s, t) to consumption by generation s’s individuals 2) at t, y(s, t) to labor income,
v(s, t) to non-human wealth, and h(s, t) to human wealth.

=⇒ For a while, we analyse the individuals coming the period s. So we do not display the
subscrpit, s.

Each invididuals maximize the following problem.

maxE

[∫ ∞

t

u(c(z)) exp {−θ(z − t)dz}
∣∣∣t] =

[∫ ∞

t

ln c(z) exp {−(θ + p)(z − t)}
]

(utility) (5)

s.t.
dv(z)

dz
= [r(z) + p]v(z) + y(z) − c(z) (budget constraint) (6)

lim
z→∞

exp
[
−

∫ ∞

t

[r(µ) + p]dµ

]
v(z) = 0 (NPG condition) (7)

Eq. (5) is derived by assumption that u(c) = ln c. We assume that y(z), v(z), h(z) (z ≥ t) do
not nave uncertainty.

In Eq. (7), we denote discount factor, [·], to

R(t, z) ≡ exp
[
−

∫ ∞

t

[r(µ) + p]dµ

]
. (8)

2)‘generation s’ means birth at s
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2. Consumption by individuals and Whole Economy

Integrate Eq. (6) and use eq. (8), we get the lifetime budget constraint,∫ ∞

t

c(z)R(t, z)dz = v(t) + h(t) (9)

where,

h(t) ≡
∫ ∞

t

y(z)R(t, z)dz. (10)

Using eq. (9), consumer’s utility maximization problem can rewrite

max
[∫ ∞

t

ln c(z) exp {−(θ + p)(z − t)}
]

s.t.
∫ ∞

t

c(z)R(t, z)dz = v(t) + h(t) (11)

We solve eq. (5) subject to eq. (6) and (7). Make current value Hamiltonian, H,

H = ln c(z) exp (θ + p)t + λ(z)[{r(z) + p}v(z) + y(z) − c(z)]. (12)

FOCs are ∂H/∂c(z) = 0, ∂H/∂v(z) = −λ̇(z) + (θ + p)λ(z) and transversality condition.
Therefore we get

ċ(z) = [r(z) − θ]c(z) i.e. c(z) = c(t) exp |
∫

r(µ) − θdµ|, (13)

and from eq.(9), we obtain 3)

c(t) = (θ + p)(h(t) + v(t)). (14)

This consumption function implies that

• c is propotional to the total wealth.

• The consumption propensity is independent from interest rate4)and age.

• The discount rate of future lobar income equals to real interest rate of non-human wealth,
r + p.

2.2 Aggregated Consumption

We denote C(t), Y (t), V (t), H(t) to aggregated variable of consumption, labor income, non-
human wealth and human wealth, respectivily.

Because the size of generation s’s cohort at t is p exp−p(t − s), total consumption is∫ t

−∞
p exp {−p(t − s)}c(s, t)ds. (15)

We have Y (t), V (t), H(t) in the similar way. Eq. (14) and consumption propensity are indepen-
dent from age,

C(t) = (p + θ)[H(t) + V (t)]. (16)

3)Calculation is not yet finished.
4)Because utility function is lorgarithm.
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2. Consumption by individuals and Whole Economy

Next, we want to analyse the dynamics of H and V . So, we specify the labor income function
as following 5).

y(s, t) = aY (t) exp {−α(t − s)} α ≥ 0 (17)

Here, a is determined after.

Y (t) =
∫ t

−∞
y(s, t)p exp {−p(s − t)}ds

= aY (t)
∫ t

−∞
exp {−(α + p)(t − s)}ds

= aY (t)
p

α + p

(18)

Therefore, we get
a =

α + p

p
. (19)

From eq. (17) and the definition of h (eq. (10)),

h(s, t) =
∫ ∞

t

aY (z) exp {−α(z − s)}︸ ︷︷ ︸ y(z)R(t, z)dz (20)

5)This specification implies that the labor income decreases as individuals age. If α 6= 0 then older individuals
get lower income per capita.
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